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The discrete-dipole approximation is applied to vector diffraction analysis in a system with large-numericalaperture (NA) optics and subwavelength targets. Distributions of light diffracted by subwavelength dielectric
targets are calculated in a solid angle that corresponds to a NA of 0.9, and their dependence on incident polarization, target shape, and target size is studied. Electric field distributions inside the target are also
shown. Basic features of the vector diffraction are clearly demonstrated. This technique facilitates understanding of the vectorial effects in systems that are expected to be applied in the future to optical data storage.
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1. INTRODUCTION
Diffraction analysis based on vectorial methods has become increasingly important for development of optical
data storage systems. The dimensions of marks on recording media are already comparable with or smaller
than the wavelength of light, and the dimensions are decreasing as recording density increases. In addition, the
numerical aperture (NA) of the optical system is increasing beyond 0.6 because optical systems with large NAs
are required for reproducing signals from such small
structures.
The discrete-dipole approximation (DDA) method1,2 is
one of the powerful analysis methods based on vectorial
techniques. This method was developed for scattering
analysis in the field of astrophysics. Comparison with
other methods such as the finite-difference time-domain
method, the volume integral equation method, and the extended boundary condition method shows the advantage
of the DDA in terms of flexibility in the modeling of the
scatterers and computation time in scattering analysis.3
Since this method was originally developed for scattering
analysis in which many inhomogeneous scatterers are oriented randomly in space, the DDA has been used only to
calculate orientational averages of scattered-light distribution, which is the main focus of interest in the field.
However, the DDA can be applied to the analysis of distributions of light diffracted by subwavelength structures.
In addition, flexibility in modeling the scatterers in the
DDA can be of great advantage in diffraction analysis.
We apply the DDA to the analysis of two-dimensional
distributions of light diffracted by structures on the scale
that is of interest with respect to optical data storage.4
We calculate distributions of light diffracted by a dielectric target in vacuum. We also calculate the electric field
distributions inside the target as an aid in understanding
0740-3232/2001/112895-06$15.00

the vectorial behavior of the light. The dependence of the
distributions on incident polarization, target shape, and
target size is studied. The vectorial effects in the system
with large-NA optics and subwavelength targets are
clearly demonstrated.

2. DISCRETE-DIPOLE APPROXIMATION
The DDA method was originally developed for analysis of
scattering of light by interstellar dust grains, which are
modeled as arbitrarily-shaped inhomogeneous particles.
In this method the inhomogeneous particles are represented by a three-dimensional array of point dipoles.
The spacing between the dipoles is smaller than the
wavelength of the incident light but apparently is larger
than the space between molecules or atoms in the particles. Each dipole at position rj has an oscillating polarization P j in response to both incident light E inc,j and the
electric fields that are due to the other dipoles in the array:

冉

P j ⫽ ␣ j E inc,j ⫺

兺A
k⫽j

jk P k

冊

,

(1)

where ␣ j is the polarizability at rj , E inc,j is the electric
field at rj that is due to the incident plane wave:
E inc, j ⫽ E 0 exp共 ik • rj ⫺ i  t 兲 ,

(2)

and ⫺A jk P k is the electric field at rj that is due to dipole
P k at location rk .
Each element A jk is a 3 ⫻ 3 matrix:
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where ⑀ 0 is the dielectric constant of vacuum, k ⬅  /c,
r jk ⬅ 兩 rj ⫺ rk 兩 , r̂ jk ⬅ (rj ⫺ rk )/r jk , and 1 3 is the 3 ⫻ 3
identity matrix.
The method of assigning dipole polarizability is the key
issue in the DDA. The simplest method is that of
Clausius–Mosotti polarizability:

␣ j CM ⫽ 3d 3 ⑀ 0

⑀j ⫺ ⑀0
⑀j ⫹ 2⑀0

,

(4)

where ⑀ j is the dielectric constant at position rj and d is
the spacing between the dipoles. However, this method
is exact only for the limit kd → 0. Several methods for
assigning polarizability are proposed to improve the approximation. The lattice dispersion relation (LDR)
prescription5 is one of those methods and yields reasonable results when 兩 n 兩 kd ⬍ 1, where n is the complex refractive index. The error in scattering efficiency factors
for a dielectric sphere ( 兩 n 兩 ⬃ 2) is within a few percent.
In the LDR prescription, polarizability is written as

␣j

LDR

⫽

wavelength structures. This method is suitable for calculating diffraction from complex structures because
target structures are described as an array of point dipoles on a lattice. Any structures—spherical, cubic, periodic, nonperiodic, multilayered, lamellar, inhomogeneous, and so on—can be handled easily in the same way.
The memory requirements may limit the applicability of
this method for large targets with fine structures in them.
However, analysis of small targets is sufficient for many
cases, including optical data storage systems, in which incident light is focused onto a small area on a recording
medium. In addition, all the boundary conditions are automatically satisfied in the DDA, because interaction of
the electric field in the target volume is fully considered
in solution of the problem as in the volume integral equation method.
The DDA code6 developed by Draine and Flatau is
modified for our purpose and is used in our calculations.
The lattice dispersion relation is used as a prescription for
the dipole polarizability.
A. System Configuration and Parameters Used in the
Calculations
The configuration of the optics assumed in our calculation
is shown in Fig. 1. A dielectric particle in vacuum is assumed as the target structure. We selected this simple

3

␣ j CM
1 ⫹ 共 ␣ j CM/d 3 兲关共 b 1 ⫹ n j 2 b 2 ⫹ n j 2 b 3 S 兲共 kd 兲 2 ⫺ 共 2/3兲 i 共 kd 兲 3 兴

where
b 1 ⫽ ⫺1.891531,
b 2 ⫽ 0.1648469,
b3 ⫽
⫺1.7700004, n j is the complex refractive index, and â j
and ê j are unit vectors that define the incident direction
and the polarization state, respectively.
Defining A jj ⬅ ␣ j ⫺1 , we formulate the scattering problem described with Eq. (1) as a set of inhomogeneous linear complex vector equations:
N

兺A

jk P k

⫽ E inc,j ,

(6)

k⫽1

where N is the total number of dipoles.
The self-consistent solution for the dipole polarizations
can be obtained by solution of this set of equations. We
use the complex-conjugate gradient method to solve the
equation. In the field of astrophysics the dipole polarizations P k are used to calculate extinction and absorption
cross sections for the scattering analysis.
Computation resources required for the DDA have been
studied by Draine and Flatau.2 According to their estimation, the memory requirement is approximately
0.6N/1000 MBytes, and the typical computation time is
0.03N – 0.3N CPU s with a Sun 4/50 (Sparkstation IPX)
workstation.

,
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target as an aid to understanding the basic features of
vector diffraction. Much more complicated targets such
as multiple particles in vacuum, particles buried in dielectric materials, and particles in multilayered structures can be dealt with by this method. Wavelength  of
the incident light is 650 nm. Incident light E inc is a plane
wave that is linearly polarized in the xz plane (Fig. 1).
Incident angle  i is 0 or 64°. The light scattered backward is collected by the ideal collection optics with a NA
of 0.9. The second incident angle (64°) corresponds to the
marginal ray angle for the collection optics. This angle
and this NA of the collection optics are selected because
an objective lens with a NA of ⬃0.9 is expected to be applied in the next-generation optical data storage systems.
The irradiance distribution of the diffracted light at the
pupil of the collection optics is studied.

3. VECTOR DIFFRACTION ANALYSIS
We apply the DDA to the analysis of two-dimensional distributions of light diffracted by arbitrarily shaped sub-

Fig. 1. Layout of the target and the collection optics assumed in
the calculations.
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A dielectric disk and a dielectric square plate are used
as targets. The refractive index of the dielectric material
is 2.15, and the thickness of the target is /50 (13 nm).
We select two diameters for the disk, /2 (325 nm) and 
(650 nm), and two sizes for the square plate, /2 ⫻ /2
(325 nm ⫻ 325 nm) and  ⫻  (650 nm ⫻ 650 nm) with
which to examine the effect of the size and the shape of
the target. We use a three-dimensional matrix with
160,000 elements (200 ⫻ 200 ⫻ 4) to describe each target.
The sampling distance at the target or the spacing between the dipoles, d, is /197 (3.3 nm). This small sampling distance is selected so the thin (13-nm-thick) target
is described satisfactorily. The DDA with the LDR prescription generally requires that 兩 n 兩 kd ⬍ 1 关 d
⬍ /(2  兩 n 兩 ), d ⬍ 48 nm in this case] for valid calculations. Accurate calculation results can be expected because d is sufficiently small ( 兩 n 兩 kd ⯝ 0.07).
Dipole polarizations P are calculated by complexconjugate gradient iteration until a specified level of accuracy is achieved. The results shown in this paper converge until
e local ⬅

兩 A ⫻ P ⫺ E inc兩
兩 E inc兩

⭐ 5 ⫻ 10⫺5 ,
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other. Although, in comparison to the wavelength of the
light, the size of the disk is not sufficiently small to be
negligible, the distributions look similar to the distribution of the radiation from a point dipole located at the center of the disk and oscillating in the x direction. In addition, these two distributions are similar in spite of the
difference in the target shape. The distribution in Fig. 3,
however, shows weak polarization dependence. The profiles in Fig. 3(b) show that the distribution is almost rotationally symmetric, although the incident light is linearly
polarized. These results show that the size of the target
has a greater influence on the diffraction pattern than
does the shape of the target in this case.

(7)

except for some results presented in Section 4 below.
A personal computer with a Pentium III 500-MHz processor and 256-MByte memory was used, and the typical
computation time for a distribution of diffracted light was
25 min or less.

Fig. 2. Distribution of light diffracted by a small dielectric disk:
(a) irradiance distribution, (b) cross section of (a). The diameter
and the thickness of the disk are /2 and /50, respectively. The
refractive index of the disk is 2.15. The incident light is linearly
polarized, and the incident angle is 0°.

B. Distributions of Diffracted Light
When dipole polarizations P j are obtained, the diffracted
field in far-field region is calculated:
E far共 r兲 ⫽

1

k 2 exp共 ikr 兲

4⑀0

r

⫻ 共 r̂r̂ ⫺ 1 3 兲 P j ,

N

兺

j⫽1

exp共 ⫺ikr̂ • rj 兲
(8)

where r ⬅ 兩 r ⫺ rj 兩 and r̂ ⬅ (r ⫺ rj )/r.
We studied the dependence of the diffraction pattern on
target size and shape and on incident polarization by
comparing patterns for targets with different sizes and
shapes.
Calculation results for normal incidence are shown in
Figs. 2–4. The targets that correspond to these distributions are dielectric disks with diameters of /2 (325 nm)
and  (650 nm) and a dielectric square plate of sides
/2 ⫻ /2 (325 nm ⫻ 325 nm), respectively. Figures 2–4
show the irradiance distributions of the diffracted light at
the pupil of the collection optics. In each of these figures,
both the two-dimensional distribution at the pupil and
profiles of the ␣ and ␤ axes are shown. Coordinates ␣
and ␤ are normalized by the focal length of the collection
optics. The direction of the incident polarization at the
target is parallel to the x direction in Fig. 1, which corresponds to the horizontal direction (␣ direction) in the distribution [Figs. 2–4(a)].
The distributions in Figs. 2 and 4 show strong polarization dependence. The profiles in the ␣ and the ␤ directions [Figs. 2(b) and 4(b)] are largely different from each

Fig. 3. Distribution of light diffracted by a large dielectric disk:
(a) irradiance distribution, (b) cross section of (a). The diameter
and the thickness of the disk are  and /50, respectively. The
refractive index of the disk is 2.15. The incident light is linearly
polarized, and the incident angle is 0°.

Fig. 4. Distribution of light diffracted by a small dielectric
square plate: (a) irradiance distribution, (b) cross section of
(a). The length of a side and the thickness of the square are
/2 ⫻ /2 and /50, respectively. The refractive index of the
plate is 2.15. The incident light is linearly polarized, and the
incident angle is 0°.
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(325 nm) in diameter, is assumed as a target in Figs. 5
and 7, and a large dielectric disk,  (650 nm) in diameter,
is assumed as a target in Figs. 6 and 8. The diffraction
patterns for p-polarized incident light (Figs. 5 and 6) show
complex distribution patterns and larger dependence on
target size than the patterns for s-polarized incident light
(Figs. 7 and 8). This result implies that the z component
of the electric field inside the target has a significant effect on the diffraction patterns. In addition, the vectorial
effect on diffraction is greater for p-polarized light than
for s-polarized light.
Fig. 5. Distribution of light diffracted by a small dielectric disk:
(a) irradiance distribution, (b) cross section of (a). The diameter
and the thickness of the disk are /2 and /50, respectively. The
refractive index of the disk is 2.15. The incident light is linearly
polarized, and the incident angle is 64° ( p polarization).

C. Electric Fields at the Target
When dipole polarizations P j are obtained, the electric
field at each point dipole can be calculated as
Ej ⫽ Pj /␣j .

Fig. 6. Distribution of light diffracted by a large dielectric disk:
(a) irradiance distribution, (b) cross section of (a). The diameter
and the thickness of the disk are  and /50, respectively. The
refractive index of the disk is 2.15. The incident light is linearly
polarized, and the incident angle is 64° ( p polarization).

(9)

As an example, calculation results for normal incidence
are shown in Figs. 9 and 10. These figures show the electric field distribution at the top surface of the dielectric
disk of diameter /2 (325 nm), and the dielectric square
plate of /2 ⫻ /2 (325 nm ⫻ 325 nm) sides, respectively. Only the electric field inside the target is shown
in these figures, and the field outside is set at zero, although there is a nonzero field outside the target. In Fig.
10, a square area slightly larger than the square target is
shown for each amplitude and phase distribution, so the
distribution about the boundary can be clearly observed.
The gray scale of each amplitude distribution is normalized by its peak value, as written below the distribution.
Since the incident light is polarized in the x direction, the
x component is dominant in the amplitude distributions.
However, y and z components induced by the interaction
of the fields inside the disk are not negligible and exhibit
distinctive features in both amplitude and phase distributions.
The electric field distributions at the top of the large dielectric disk,  (650 nm) in diameter, and the large dielectric square plates of  ⫻  (650 nm ⫻ 650 nm) sides,
are also calculated. The results are not shown in this paper, but the distributions have features similar to the corresponding distributions for the small disk in Fig. 9 and
the small square plate in Fig. 10, respectively.

Fig. 7. Distribution of light diffracted by a small dielectric disk:
(a) irradiance distribution, (b) cross section of (a). The diameter
and the thickness of the disk are /2 and /50, respectively. The
refractive index of the disk is 2.15. The incident light is linearly
polarized, and the incident angle is 64° (s polarization).

We calculated diffraction patterns for oblique incident
light to study the vectorial effect further. The incident
light is linearly polarized in the xz plane. Incident angle
 i is 64°, which corresponds to a NA of 0.9. We selected
two incident directions with which to compare the diffraction patterns for p polarization and s polarization. Results are shown in Figs. 5–8. Figures 5 and 6 show the
diffraction patterns for p-polarized light, where the incident light is in the xz plane. Figures 7 and 8 show the
diffraction patterns for s-polarized light, where the incident light is in the yz plane. A small dielectric disk, /2

Fig. 8. Distribution of light diffracted by a large dielectric disk:
(a) irradiance distribution, (b) cross section of (a). The diameter
and the thickness of the disk are  and /50, respectively. The
refractive index of the disk is 2.15. The incident light is linearly
polarized, and the incident angle is 64° (s polarization).
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quickly as the number of iterations increases. An error
of less than 2 ⫻ 10⫺5 is achieved in seven iterations.
Next, the dependence of the distribution of the diffracted light on the number of iterations was investigated. The same target parameters were assumed. The
distribution of the diffracted light calculated with P obtained in 13 iterations was used as a reference distribution, E ref , and the error, defined by

冕冕
冕冕

兩 E far ⫺ E ref兩 2 d␣ d␤

e far ⬅
Fig. 9. Electric field distribution at a top surface of a small dielectric disk: (a) amplitude for x, y, and z components; (b) phase
corresponding to (a). The diameter and the thickness of the disk
are /2 and /50, respectively. The refractive index of the disk is
2.15. The incident light is linearly polarized, and the incident
angle is 0°.

,

(10)

兩 E ref兩 2 d␣ d␤

was calculated. The result is shown in Fig. 12. The error in the distribution decreases quickly as the number of
iterations increases and becomes sufficiently small in
more than seven iterations.
Finally, we estimated dependence of the distribution of
the diffracted light on the space d between the dipoles, assuming the same target parameters. The distribution of
the diffracted light calculated with P obtained with d
⫽ /406 (1.6 nm) was used as a reference distribution
E ref , and the error defined by Eq. (10) was calculated.
The result is shown in Fig. 13. The error in the distribution decreases quickly as d decreases, and it becomes less
than 1% when d ⫽ /197 (3.3 nm).

Fig. 10. Electric field distribution at a top surface of a small dielectric square plate: (a) amplitude for x, y, and z components,
(b) phase corresponding to (a). The size of a side and the thickness of the square are /2 ⫻ /2 and /50, respectively. The refractive index of the plate is 2.15. The incident light is linearly
polarized, and the incident angle is 0°.

4. VALIDITY OF THE CALCULATIONS
Convergence and accuracy of the calculations are the important issues in this analysis. Draine and Flatau2 and
Piller7 studied these issues for dielectric spheres in
vacuum and showed that the calculations of scattering efficiency factors converge well and that accuracies of a few
percent can be achieved. Similar results are expected for
our calculations because we use the same method with
the same criteria for validity: (1) 兩 n 兩 kd ⭐ 1 and (2) d
must be small enough to describe the target shape satisfactorily. To evaluate convergence and the accuracy of
our calculations, we analyzed the errors and the dependence of the distribution of the diffracted light on the
spacing between the dipoles in one of our calculations.
First, the error in solving Eq. (6) for the small dielectric
disk was analyzed. Since the equation is solved by the
complex-conjugate gradient method, the error depends on
the number of iterations in the method. The dependence
of the error defined in expression (7) is shown in Fig. 11.
The diameter and the thickness of the disk are /2 (325
nm) and /50 (13 nm), respectively. The spacing between
the dipoles is /197 (3.3 nm). The refractive index of the
disk is 2.15. The incident light is linearly polarized, and
the incident angle is 0°. The wavelength of the light is
650 nm. These results show that the error is reduced

Fig. 11. Dependence of the error e local ⬅ 兩 A ⫻ P ⫺ E inc兩 / 兩 E inc兩
on the number of iterations for a small dielectric disk. The diameter and the thickness of the disk are /2 and /50, respectively. The refractive index of the disk is 2.15. The incident
light is linearly polarized, and the incident angle is 0°.

Fig.
12.
Dependence
of
the
error
e far ⬅ 兰兰兩 E far
⫺ E ref兩 2 d␣ d␤ / 兰兰兩 E ref兩 2 d␣ d␤ on the number of iterations for a
small dielectric disk. The distribution of the diffracted light calculated with P obtained by 13 iterations is used as E ref . The
diameter and the thickness of the disk are /2 and /50, respectively. The refractive index of the disk is 2.15. The incident
light is linearly polarized, and the incident angle is 0°.
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upon the objective lens.9–12 The distribution of diffracted
light is calculated by the modified DDA.

6. CONCLUSIONS

Fig.
13.
Dependence
of
the
error
e far ⬅ 兰兰兩 E far
⫺ E ref兩 2 d␣ d␤ / 兰兰兩 E ref兩 2 d␣ d␤ on the spacing between dipoles d for
a small dielectric disk. The distribution of the diffracted light
calculated with P obtained with d ⫽ 1.6 nm (/406) is used as
E ref . The diameter and the thickness of the disk are /2 and
/50, respectively. The refractive index of the disk is 2.15. The
incident light is linearly polarized, and the incident angle is 0°.

The discrete-dipole approximation (DDA) method has
been applied for vector diffraction analysis. The distributions of light diffracted by a subwavelength dielectric
target in vacuum were analyzed, and the effect of the incident polarization was discussed. The electric field distributions inside the target were calculated, and their distinctive features were clearly presented. This technique
facilitates understanding of the basic features of vector
diffraction from small particles.
K. Shimura’s e-mail address is shimura.kei@nifty.ne.jp;
that of T. D. Milster is milster@arizona.edu.
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