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TE and TM guided modes in an air waveguide with negative-index-material cladding
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2

We numerically demonstrate that a planar waveguide in which the inner layer is a gas with refractive index
n0 = 1, sandwiched between two identical semi-infinite layers of a negative index material, can support both
transverse electric and transverse magnetic guided modes with low losses. Recent developments in the design
of metamaterials with an effective negative index suggest that this waveguide could operate in the infrared
region of the spectrum.
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PACS number共s兲: 41.20.Jb

I. INTRODUCTION

Negative-index materials 共NIMs兲—i.e., materials that
have simultaneously negative electric susceptibility and
magnetic permeability—seem to challenge several wellestablished concepts in electromagnetism and optics. Perhaps
the best known examples are their ability to refract light in
the opposite way with respect to what an ordinary material
does 关1兴 and the possibility to use them to construct a “perfect” lens—i.e., a lens that can focus all Fourier components
of a two-dimensional 共2D兲 image, even those that do not
propagate in a radiative manner 关2兴. One of the first experimental demonstrations of negative-index behavior was accomplished by Shelby et al. in 2001 关3兴, who showed negative refraction of microwaves in a material made by a twodimensional array of repeated unit cells of copper strips and
split-ring resonators. A large number of papers have been
published on the subject just in the last few years and a
review can be found in Ref. 关4兴.
In optics it is well known that when the inner layer of a
planar waveguide is a gas with refractive index n0 = 1 and it
is sandwiched by two standard dielectric materials with refractive index n ⬎ 1, total internal reflections cannot be
achieved. The field coupled inside such a waveguide attenuates in the propagation direction by leaking power to the two
bounding media 关5兴. The losses suffered via these “leaky”
modes may be balanced when the molecular gas in the core
is an active medium, as, for example, in CO2 waveguide
lasers 关6,7兴. In metal-clad waveguides 关8兴 the refractive index of the guiding layer can be arbitrarily low as long as it is
greater than the refractive index of the substrate. Total internal reflections are always achieved thanks to the low refractive index of the metal. In Ref. 关8兴 guiding has been demonstrated in an air-polystyrene-silver waveguide at optical
frequencies, in a 1.81-m-thick polystyrene film. Losses
were estimated at approximately 1 dB/ cm for the fundamental TE mode. The theory of hollow waveguides has been
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developed in Ref. 关9兴, and different types of hollow
waveguides in the infrared have been realized during the
years. We cite, for example, hollow sapphire fibers 关10兴, hollow Ag/ AgI-coated glass waveguides 关11兴, and ZnS-coated
Ag hollow waveguides 关12兴. These guides have losses as low
as 0.1 dB/ m at 10.6 m, for a bore diameter of approximately 1000 m. In the visible region, a tremendous breakthrough in the possibility of confining light in air was
achieved at the end of 1999, with the introduction of socalled photonic crystal fibers 共PCFs兲 关13,14兴. In a PCF light
confinement does not require a core with a higher refractive
index because guidance is achieved not by total internal reflection, but by the presence of a cladding in the form of a
full two-dimensional photonic band gap. We note also that
PCFs are single-mode fibers, while traditional hollow
waveguides are highly multimodal. On the other hand, the
fundamental mode in traditional hollow waveguides has generally a much longer attenuation length than all higher-order
modes thanks to lower diffraction losses. Therefore, it is
clear that for some applications the initial presence of many
modes can be easily overcome.
The aim of this work is to demonstrate that light can be
confined in air also by using a waveguide where the bounding medium, or cladding, is made of a NIM. In this case the
confinement is due, as in classical waveguides, to total internal reflections. The guiding properties of a waveguide with a
core made of a NIM and a cladding composed of a standard
dielectric material have been studied in Ref. 关15兴, where it
was demonstrated that guided modes are admitted. In our
work we study the opposite configuration—i.e., a symmetric
waveguide where an air core is surrounded by a NIM. We
note that, to our knowledge, at the present time an experimental realization of a metamaterials that possess an effective negative index has been achieved only in the microwave
regime 关3兴. In this regard, several efforts are currently underway to design NIMs at higher frequency than the microwave
regime. In Refs. 关16,17兴, for example, O’Brian and Pendry
have designed a NIM in the infrared region, and its nonlinear
properties also have been numerically studied. The structure
consists of a periodic nanostructured array of modified splitring resonators, which is magnetically active in the nearinfrared region of the spectrum. The structure is numerically
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demonstrated to possess a negative effective permeability at
telecommunications wavelengths—i.e., 1.5 m. Although
further material development is still clearly needed, the practical realization of metamaterials in the infrared region seems
to be within reach 关18兴, and the results reported in Refs.
关16–18兴 help to put our present work in its proper perspective.
II. BASIC EQUATIONS

Let us begin with some general considerations about the
refractive index and the extinction coefficient in passive materials. The refractive index n and the extinction coefficient ␤
of a material are found by solving the following complex,
algebraic equation:
n̂2 =  ,

共1兲

where n̂ = n + i␤ is the complex refractive index and  and 
are the frequency-dependent, complex, electric susceptibility,
and magnetic permeability functions of the medium, respectively. In general, in the case of a passive medium the law of
increase of entropy determines that Im共兲 and Im共兲, which
are linked to the electric and magnetic losses respectively,
are always positive. Moreover, to the extent that every nonsteady process is thermodynamically irreversible, Im共兲 and
Im共兲 are not exactly zero for any frequency other than zero
关19兴.
These considerations lead to the condition that the damping term ␤ must be always positive for a wave propagating in
the positive direction and also that ␤ is never exactly zero.
Physically, this means that, slight as it may be, there is always some damping of the electromagnetic wave during its
propagation. Now, by equating the real and imaginary parts
of the right- and left-hand sides of Eq. 共1兲 and by solving the
corresponding system of algebraic equations with the condition ␤ ⬎ 0, we find the expressions for the refractive index
and the extinction coefficient as follows:
n=

Im共兲

冑2冑− Re共兲 + 冑关Re共兲兴2 + 关Im共兲兴2

␤=

冑− Re共兲 + 冑关Re共兲兴2 + 关Im共兲兴2
冑2

,

.

共2a兲

共2b兲

We note that Eqs. 共2兲 are valid in general for any kind of
passive medium and that the sign of n depends on the sign of
the quantity Im共兲 关20兴.
Let us describe the electric susceptibility and the magnetic
permeability of the NIM with a lossy Drude model 关2,21兴:
˜兲 = 1 −
共

1
˜ 共
˜ + i˜␥e兲


,

˜兲 = 1 −
共

共 pm/ pe兲2
,
˜ 共
˜ + i˜␥m兲


共3兲

˜ =  /  pe is the normalized frequency,  pe and  pm
where 
are the respective electric and magnetic plasma frequencies,
and ˜␥e = ␥e /  pe and ˜␥m = ␥m /  pe are the respective electric
and magnetic loss terms normalized with respect to the electric plasma frequency. In Fig. 1共a兲 we show the refractive
index, the extinction coefficient, the real part of the electric

FIG. 1. 共a兲 Refractive index n 共thick solid line兲, extinction coefficient ␤ 共short dashed line兲, Re共兲 共long-short dashed line兲, and
Re共兲 共dashed line兲 vs  /  pe where  pe is the electric plasma
frequency. In this case we have chosen, in Eq. 共3兲,  pm /  pe = 0.8
and ˜␥e ⬇ ˜␥m ⬇ 10−4. In the region where Re共兲 and Re共兲 have opposite signs the NIM becomes opaque. 共b兲 Refractive index 共thick
solid line兲 and extinction coefficient 共short dashed line兲 as calculated from the experimental data reported in Ref. 关3兴. Note that the
parameters in 共a兲 have not been chosen in order to numerically fit
the results presented in 共b兲. The comparison only intends to show
that the salient characteristics of the refractive index and the extinction coefficient around the opaque region can be qualitatively described by a Drude model.

susceptibility, and the real part of the magnetic permeability
for a NIM whose dispersion is described by Eqs. 共3兲. In Fig.
1共a兲 we have taken the following parameters:  pm /  pe = 0.8
and ˜␥e ⬇ ˜␥m ⬇ 10−4. As one may expect, in the region where
Re共兲 and Re共兲 have opposite signs no propagating modes
are allowed in the linear regime. The NIM becomes opaque
with the complex refractive index that becomes almost a
pure imaginary number, n̂ ⬵ i␤, and the potential barrier is
insurmountable.
Before going any further into the details of our analysis
we would like to say a few words on the question of how
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realistic the lossy Drude model that we use is in describing
NIMs. I.e., are there any materials whose properties are described by our Eq. 共3兲? In order to answer this question we
direct the reader’s attention to Fig. 1共b兲, where we show the
refractive index and the extinction coefficient in the range
between 10.7 and 15 GHz, deduced from the experimental
data reported in Ref. 关3兴, where the first NIM prototype was
experimentally tested and negative refraction demonstrated.
The figure shows that the complex refractive index becomes
almost a pure imaginary number in the range between 11 and
12.8 GHz, where −10−2 ⬍ n ⬍ 10−2. Although the parameters
in Fig. 1共a兲 were not chosen with the intent to fit the experimental data of Fig. 1共b兲, nevertheless their behavior is remarkably similar in both cases. In other words, the salient
characteristics of the refractive index and the extinction coefficient of currently available negative-index metamaterials
appear to be well described, around the opaque region, by an
effective Drude model, as in our Eq. 共3兲. This is the main
reason why the Drude model is widely used in most theoretical efforts 关21兴 that address negative-index materials. The
opaque region described in Fig. 1共a兲 represents an intrinsic
gap for the electromagnetic radiation different in nature from
the gap formed in photonic band gap 共PBG兲 structures, but
with similar pictorial characteristics. In PBG structures the
formation of the gap is due to destructive interference caused
by the periodic arrangement of scattering or diffracting elements whose sizes are on the order of the incident wavelength. In contrast, NIMs are structured on a much finer scale
that ranges from 1 / 10th to 1 / 1000th of the wavelength 关18兴,
and therefore they respond with an effective dispersion that
is essentially due to the bulk properties of the medium. However, while the nature of the gap is different in the two cases,
it would be interesting to explore the possibility of using

冋冉

冦冋

A1 exp i

Ey共x,z兲 =

冉


ˆ − n̂x
n0z cos 
c


ˆ
exp i n0z cos 
c
C exp i

冉

冑

1−

冊冋 冉

FIG. 2. Schematic representation of the geometry we study. A
core of air of thickness d is sandwiched between two identical semiinfinite layers of NIM.  is the angle formed by the wavevector of
the radiation with the propagation axis z. The y axis is orthogonal to
the plane 共x , z兲.

NIMs in the spectral region of opacity as the cladding of a
waveguide 共see Fig. 2兲. We begin by first focusing on the TE
modes. In this case the electric field is polarized along the y
axis 共see Fig. 2兲 and the Helmholtz equation for our geometry is

2Ey共x,z兲 2Ey共x,z兲 2
+
+ 2 f̂共x兲Ey共x,z兲 = 0,
x2
z2
c

where f̂共x兲 = n̂2 for x ⬎ d and x ⬍ 0, while f̂共x兲 = n0 for d 艌 x
艌 0. Here n̂ is the refractive index of the NIM and n0 is the
refractive index of the core of the waveguide. The solution of
Eq. 共4兲 can be written as follows:

ˆ
n20 cos2 
n̂2

冊

冊册

x ⬍ 0,

,

冉


ˆ + A exp − i  n x sin 
ˆ
A2 exp i n0x sin 
3
0
c
c


ˆ + n̂共x − d兲
n0z cos 
c

共4兲

冑

1−

ˆ
n20 cos2 
n̂

2

冊册

,

冊册

, 0 艋 x 艋 d,
x ⬎ d,

冧

共5兲

where C is an arbitrary normalization constant that is chosen consistent with the following normalization condition:
+⬁
ˆ is determined by imposing that E , as well as
兩Ey共x , z = 0兲兩2 dx = 1. The choice of the complex parameters A1, A2, A3, and 
兰−⬁
y
ˆ,
共1 / 兲共Ey / x兲, must be continuous at both x = 0 and x = d. The continuity requirements lead to the modal equation for 

冉

冊


ˆ =−i
tan n0d sin 
c

ˆ
2n0n̂ sin 


冑

n20

ˆ
cos2 
n̂2
,
2
2
ˆ + n̂ − n0 cos2 
ˆ
n20 sin2 
2 2

and to the system of linear algebraic equations for A1, A2, and A3:
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冣
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0
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共7兲

We note that  共i.e., the angle that the wave vector of the
radiation forms with the propagation axis z—see Fig. 2兲 and
the attenuation length L⬘ 共i.e., the length along z covered by
the radiation before its intensity drops of a factor 1 / e兲 are
ˆ through the following
linked to the complex parameter 
relations:

and on 共1 / 兲共Hy / x兲. The solution for TM modes and the
modal condition can be obtained from those calculated for
TE modes by making the following formal transformations:
Ey → Hy and  → .

 = arccos关Re共cos ˆ 兲兴,

In order to calculate the modes admitted by our waveguide, we have to solve Eq. 共6兲 for TE modes and the corresponding equation for TM modes. Equation 共6兲 is a complex,
transcendental equation that does not admit analytical solutions. It can be solved numerically by using the NewtonRapson method 关22兴. Then, by using Eqs. 共5兲 and 共7兲, we can
calculate the transverse-mode profile for different propagation distances. In Fig. 3 we show TE-guided modes for a

L⬘ =

c
ˆ兲
2n0 Im共cos 

.

共8a兲
共8b兲

The calculation for TM modes follows a development similar
to that of TE modes. In the case of TM modes we must
impose the continuity conditions on the magnetic field Hy

III. RESULTS AND DISCUSSION

FIG. 3. Transverse profile of the TE guided modes at different propagation distances for a waveguide whose air core has a thickness
d = 2 pe,  pe = 2c /  pe. The frequency of the field is  = 0.88 pe. 共a兲 TE0, 共b兲 TE1, and 共c兲 TE2. The electric field is expressed in normalized
+⬁
units according to the normalization condition 兰−⬁
兩Ey共x , z = 0兲兩2dx = 1.
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FIG. 4. Transverse profile of the first three TE guided modes at different propagation distances for a waveguide whose air core has a
thickness d = 14 pe. 共a兲 TE0, 共b兲 TE1, and 共c兲 TE2. The electric field is expressed in normalized units according to the normalization condition
+⬁
兰−⬁
兩Ey共x , z = 0兲兩2dx = 1.

waveguide whose core has thickness d = 2 pe, where  pe
= 2c /  pe. The dispersion properties of the NIM are those
described in Fig. 1. The electromagnetic field is approximately tuned at the center of the opaque region of the NIM,
where  = 0.88 pe. The thickness of the core is in this case
large enough to accommodate three confined modes at different angles:  ⬵ 15.9° for TE0,  ⬵ 33° for TE1, and 
⬵ 53.9° for TE2. In the case of the fundamental mode 共TE0兲,
we find an attenuation length of approximately L⬘ ⬵ 7
⫻ 104 pe. Supposing that that the waveguide operates around
10 m, the attenuation length is approximately 0.7 m, which
corresponds to a loss factor of approximately 6 dB/ m. The
losses drastically drop for larger core diameters, as shown in
Fig. 4, where the core is d = 14 pe. In the case of Fig. 4, for
an operational wavelength around 10 m, the attenuation
length of the TE0 mode is approximately 240 m, the losses
are approximately 0.01 dB/ m and the size of the air core is
only 140 m. In this case the guide accommodates a large
number of modes at different angles. The first three modes
are excited respectively at  ⬵ 2.2°,  ⬵ 4.4°, and  ⬵ 6.6°.
In Fig. 5 we show the TM0 mode for 共a兲 d = 2 pe and 共b兲 d
= 14 pe. In the case of Fig. 5共a兲 the angle formed by the
wave vector with the z axis is  ⬵ 17.3° and the attenuation
length is L⬘ ⬵ 3.4⫻ 104 pe, which corresponds to approximately 12 dB/ m in losses for a wavelength of 10 m. In

Fig. 5共b兲,  ⬵ 2.3°, L⬘ ⬵ 1.4⫻ 107 pe, and the losses are of
the order of 0.03 dB/ m. Note that in the case we have studied the TE guided modes have longer attenuation lengths
than the TM guided modes, and in the opaque region of the
NIM, Re共兲 is less than zero, while Re共兲 is greater than
zero. If we consider the opposite case—i.e., Re共兲 ⬎ 0 and
Re共兲 ⬍ 0—the TM guided modes would have a longer attenuation length than the TE guided modes.
Finally we note that recently waveguides with an air core
and a cladding made by a two-dimensional square array of
silver nanowires embedded in an air host medium have been
numerically demonstrated to guide at optical frequency more
efficiently than silver waveguides 关23兴: the effective extinction coefficient of the nanostructured cladding is smaller than
that of a homogeneous silver cladding. In the case of Ref.
关23兴 the effective index of the cladding can be made to vary
in the range 0 ⬍ n ⬍ 1, depending on the ratio between the
width of the silver wires and the periodicity of the array. Of
course, a metamaterial designed in this way is by definition
not a NIM and light refraction will be right handed as in
standard positive index materials. In this work we have instead explored the guiding properties of a NIM in its opaque
region—i.e., in the region where its refractive index varies in
the range −10−2 ⬍ n ⬍ 10−2.

046603-5

PHYSICAL REVIEW E 71, 046603 共2005兲

D’AGUANNO et al.

FIG. 5. Transverse profile of the TM0 mode for different propagation distances. The waveguide has an air core of thickness, respectively,
+⬁
兩Hy共x , z
共a兲 d = 2 pe and 共b兲 d = 14 pe. The magnetic field is expressed in normalized units according to the normalization condition 兰−⬁
= 0兲兩2dx = 1.
IV. CONCLUSIONS

in the infrared regime with better performances compared to
more traditional hollow waveguides.

In conclusion, we have studied a symmetric hollow waveguide made with a NIM cladding. In the opacity region of
the NIM, the waveguide admits both TE and TM guided
modes with relatively low losses. While further material development is still needed, recent advancements in the design
of metamaterials suggest that this waveguide could operate
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